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Abstract 

We study the equivalence of Poisson structures around a given 
symplectic leaf of nonzero dimension. Some criteria of Poisson equiv¬ 
alence are derived from a homotopy argument for coupling Poisson 
structures. In the case when the transverse Lie algebra of the sym¬ 
plectic leaf is semisimple of compact type, we show that an obstruction 
to the linearizability is the cohomology class of a Casimir 2-cocycle. 
This allows us to obtain a semilocal analog of the Conn linearization 
theorem and to clarify examples of nonlinearizable Poisson structures 
due to [DW] . 


1 Introduction 

This work is devoted to the problem of classihcation of Poisson structures 
near a given symplectic leaf of nonzero dimension. 

Let (M, H/) be a Poisson manifold with Poisson tensor T. According to 
the local splitting theorem |Wei| , in a neighborhood of each point m G M, 
T is equivalent to the direct product of a nondegenerate Poisson structure 
and a transverse Poisson structure vanishing at m. The linearization of the 
transverse factor at m leads to the linearized transverse Poisson structure 
Am which leaves naturally on the normal space Em to the symplectic leaf 
through m. This structure is uniquely determined by the transverse Lie 
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algebra Qm of m. If m is a singular point (a zero-dimensional leaf), 11'(m) = 0, 
then Em = T^M and the linearized transverse Poisson structure gives a 
linear approximation to d' at m. In this case, one can state the linearization 
problem |Wei| which consists of determining whether the original Poisson 
structure is locally equivalent to its linear approximation. In formal, 
and analytic settings, this problem was studied in EB I Wei 1 IC 02 I |h)ui I ■ 
In particular, it was shown in |Wei| that if the transverse Lie algebra 
is semisimple, then there exists a formal linearization. Later, for analytic 
Poisson structures, this fact was proved in Ibloil - In the smooth case, the 
local linearization theorem due to IC 02 I says that the Poisson structure d' 
vanishing at m is locally isomorphic to the linear approximation if Qm 
is a semisimple Lie algebra of compact type. Further developments and 
generalizations of these results where obtained in Iw^ira EUEZlI^ 
A review of recent results on the local linearization problem can be 
found in jFeMj . 

We are interested in the linearization problem, or more generally, normal 
forms for the Poisson structure d/ in the semilocal context, around a symplec- 
tic leaf B. A more interesting situation occurs when the symplectic foliation 
nearby B is singular. The Poisson topology of neighborhoods of (singular) 
symplectic leaves has been studied in several papers |(li(lol |Fei| |Fe 2 l . The 
recent work devoted is to rigidity and flexibility phenomena in Poisson 

geometry. 

Our approach is based on the notion of a coupling Poisson structure 
IVoil |Va 2 l . The coupling procedure for symplectic structures was introduced 
in [Stj and further developed in |OLSj . The Poisson coupling can be defined 


on hbered spaces |Voi| and foliated manifolds |Va 2 l as well. The key ob¬ 
servation is that a given Poisson structure T can be realized as a coupling 
Poisson structure on the normal bundle E = TM/TB of the leaf. Using a 
diffeomorphism i : E ^ M identical on B, one can move from M to the 
total space E. The result is the Poisson tensor 11 = f*d/ on E with the 
same symplectic leaf B (as the zero section). Then, in a neighborhood of 
B m E the Poisson tensor 11 induces an intrinsic Ehresmann connection P 
corresponding to the splitting 


TU = El © V, 


( 1 . 1 ) 


where V is the vertical subbundle of vr : E ^ B and the horizontal subbundle 
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El is uniquely determined by 11, 

H = n^(AnnV). (1.2) 

Here H^ : T*E TE is the bundle morphism induced by H AnnV is 
the annihilator of V. Furthermore, the bivector held H has the following 
decomposition with respect to (1.1): 

n = Uh + Hy, (1.3) 

where H// and Hy are the horizontal and vertical bivector helds, respectively. 
In general, the decomposition of H involves a bivector held of degree (1,1). 
The vertical part Hy is a Poisson tensor with the property: the symplectic 
leaf of Hy through each point m E E belongs to the hber E^ over ^ = 7r(m). 
Such Poisson tensors on hbered (or foliated) spaces are called hber-tangent 
(or leaf-tangent) Poisson structures |Va 2 l . The restriction of Hy to each hber 
E^ vanishes at 0 and dehnes the transverse Poisson structure of The hor¬ 
izontal part H/^ is not a Poisson tensor in general. The Jacobi identity for 
Hj^ is equivalent to the zero curvature condition for P. Because of the prop¬ 
erty ]HI|b = TB, in a neighborhood of 5, the horizontal bivector held H^^ is 
uniquely dehned, by a nondegenerate C'°°(i?)-valued 2-form E on B, which 
is called a coupling form. This form can be viewed as a “perturbation” of 
the symplectic structure of the leaf B. Thus, the Poisson tensor is dehned 
by the triple (ny,r,F) and formula (1.3) can be interpreted as a result of 
coupling the form E and the hber-tangent Poison structure Hy via the con¬ 
nection P. We call n a coupling Poisson tensor associated with geometric 
data (Hy, P, E). The Jacobi identity for H is equivalent to some “integrabil- 
ity” conditions for (ny,P,F) which have a natural geometric sense. Thus, 
given some integrable geometric data we can reconstruct the coupling Poisson 
tensor. 

To dehne a linearized Poisson structure of H at B, hrst, one can linearize 
the geometric data (Hy, P, E) and then construct a “new” coupling Poisson 
tensor. The main point here is that the linearization procedure for (Hy, P, E) 
preserves the integrability conditions. Thus, we get the linearized geometric 
data (A, P*^^\ F^^^) consisting of a linearized transverse Poisson structure A, 
a homogeneous (linear) connection P*^^) on E and a linearized coupling form 
E^^\ We dehne the linearized Poisson structure of H at i? as the coupling 
Poisson tensor H*^^^ associated with the data (A, P^^\ F^^^). The Poisson 
tensor H^) is independent of the choice of a diheomorphism f up to an 
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isomorphism and hence dehnes an intrinsic inhnitesimal characteristic of the 
original Poisson strnctnre \1/ at -B |Vo 2 | . Actnally, as was shown in 
IVoil IV 03 I , Ifd) is nniqnely determined by the transitive Lie algebroid of 
the leaf B |We 2 l - A derivation of in the context of the Lie algebroid 
approach, can also be fonnd in |Va 2 | . 

Now, one can state the semilocal linearization problem saying that the 
Poisson strnctnre tb is linearizable at i? if fl and ffd) are isomorphic by a 
diffeomorphism (p : E ^ E from an appropriate class. We assnme that 
(f) belongs to the gronp of diffeomorphisms on E satisfying the conditions 
= idfi and dsPlE = id^;. One can expect that there is a semilocal analog 
of the Conn linearization theorem in the case when the transverse Lie algebra 
0 of the leaf B is semisimple of compact type. Bnt, according to an important 
observation dne to |DWj . there are nonlinearizable Poisson strnctnres even if 
0 is semisimple of compact type. The corresponding examples are derived in 
the class of Poisson strnctnres called Casimir-weighted products jPWj . This 
resnlt rises the qnestion on describing the corresponding obstrnctions to the 
linearizability. Here we make an attempt to answer this qnestion. 

Let Casim 5 (T^) be the space of Casimir fnnctions of the linearized trans¬ 
verse Poisson strnctnre A vanishing on B. 

Claim 1.1. There exists an intrinsic coboundary operator 

do : 12^ (B) ® CasimB(B^) —> 0 CasimB(B^) 

associated to 

One can dehne do in terms of the exterior covariant derivative d^^^^ of a 
homogeneous connection P*^^\ but this dehnition is independent of P*^^^ and 
the operator do is rather attributed to the (singular) symplectic foliation of 
the linearized transverse Poisson structure A. Next, we can associated to 
the pair (H, Hd)) a 9o-cocycle C = Cn^n(i) ^ 0^(5) ® CasimB(B^), called a 
Casimir 2-cocycle. The 2-form Cn n(i) is computed in terms of the geometric 
data (nv/,P,F) and (A,pd),Fd)) and is well dehned under the assumption 
on the triviality of the hrst reduced Poisson cohomology space of A. In par¬ 
ticular, this assumption holds in the case when the transverse Lie algebra 
0 is semisimple of compact type. We show that the clo-cohomology class 
[Cnn(i)] is an invariant of the leaf B. Moreover, using a Casimir 2-cocycle 
C = Cn^n(i)) can dehne the deformed coupling form d)F-|-C'n,n(i) and the 
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deformed linearized Poisson structure as the coupling Poisson tensor as¬ 
sociated with the data (A, Pd), -|-Fn.ncn)- Assuming that the transverse 
Lie algebra g of the leaf B is semisimple of compact type, we formulate our 
main results as follows. 

Claim 1.2. {Normal Form Theorem). The germs at B of the Poisson struc¬ 
tures and are isomorphic. 

A similar result to this statement was formulated in |Brj but without 
determining the deformed coupling form. 

Claim 1.3. {Semilocal Linearization Theorem). The Poisson structure \1/ is 
linearizable at B if and only if the do-cohomology class of the leaf B is zero, 

[C'n,n(i)] = 0- 

These results are based on the following observation |Voi | : a homotopy 
for coupling Poisson structures implies the Poisson equivalence. Here we give 
a further development of this thesis for general families of Poisson tensors. 

We also refer to the work where one can hnd a conjecture on the 

linearization around a compact symplectic leaf B, formulated in terms of the 
integrability of the transitive Lie algebroid of B. 

The paper is organized as follows. 

In Sections 2.1-2.3 we give main dehnitions and formulate some useful 
technical results in Propositions 2.11 and 2.13. In Section 2.4, we study 
the relationship between a general homotopy for coupling structures and the 
Poisson equivalence. Here the main results are formulated in Theorems 2.18 
and 2.19. In Section 2.5, we introduce the notion of a relative Casimir 2- 
cocycle of two coupling Poisson tensors and discuss the corresponding prop¬ 
erties. In Section 3, using results of Section 2, we derive some criteria for 
the equivalence of Poisson structures near a given symplectic leaf. First, in 
Theorem 3.2, we show that the equivalence of coupling Poisson tensors imply 
the equivalence of the corresponding vertical parts. Sufficient conditions for 
the Poisson equivalence are presented in Theorems 3.4 and 3.8 and Propo¬ 
sition 3.9. We show also (Theorem 3.11) that the cohomology class of the 
Casimir 2-cocycle can be viewed as obstruction to the equivalence of coupling 
Poisson tensors. Section 4 is devoted to the semilocal linearization problem. 
The main results are presented in Theorems 4.12 and 4.14. 

Acknowledgement. I am grateful M. V. Karasev for helpful and stim¬ 
ulating discussions during the preparation of the text. 
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2 Poisson coupling 


In this section we first recall some basic properties of coupling Poisson struc¬ 
tures on fibered spaces |Voi| . For generalizations of the coupling procedure 

We introduced 


to foliated manifolds and Jacobi manifolds, we refer to |Va 2 l 
a homotopy equivalence for coupling Poisson tensors and formulate some 
useful technical results. Finally, we introduce the notion of the Casimir 2- 
cocycle of two coupling Poisson tensors which will play an important role in 
formulating the main results in Sections 3 and 4. 

We shall perform all computations in coordinates. A free-coordinate ap¬ 
proach can be found in |Va 2 |. 


2.1 Preliminaries 

Let us £x some notation and recall the basic definitions. Let tt : E ^ B he a. 
fiber bundle over a base B. By x^{E) and Q’‘{E) we will denote the space of 
antisymmetric fc-tensor helds and fc-forms on the total space E. In particular, 
X{E) = x^(A') is the space of smooth vector helds on E. Let V = kerdvr C 
TE he the vertical subbundle. The elements of x^{E), tangent to V, form 
the subspace of vertical fc-tensor helds denoted by Xv{E) = Sect(A^V). A 
/c-form on E is said to be horizontal if it annihilates the vertical subbundle. 
We denote the subspace of horizontal fc-forms by Vl\j{E). 

Suppose we are given an Ehresmann connection IHTtv] on E, that is, a 
smooth splitting 

TE = 'E.®Y (2.1) 

which is given by a subbundle M. G TE called horizontal. The fc-vector 
helds tangent to El are called horizontal and form the subspace Xni^) ~ 
Sect(A^]HI). In particular, Xh{E) = Xh{E) is the space of horizontal vector 
helds. For every vector held X on A' we have the decomposition X = Xn+Xy 
onto the horizontal and vertical components Xh and Xy, respectively. More 
generally, 

xHE) = 0 x'h(E) a xUE), 

i-\-j=k 

where an element of Xni^) ^ XyiE) is said to be a multivector held of 
degree {i,j). 
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Let r G Q:^{E,Y) be the connection form of (2.1), r(X) = Xy- Thus, 
El = ker r. The curvature form Curv'" G Vi^{B, End(V)) is given by 

Curv’"(Mi,M2) = hor’"([Mi, M 2 ]) - [hor’"(Mi), hor’"(M2)]- 

Here hor'"(M) is the T-horizontal lift of a vector held u G X{B). 

Consider the tensor product Qf{B) ® C°°{E) over C°°{B). The T-covar- 
iant exterior derivative : il^{B) 0(7“(E) —f2^+^(i?) 0(7°°(E) is dehned 
as 

k 

((9^0)(Mo, Ml, • • • , Uk) = ^(-l)*Lhor(ni)0(Mo, Ml, • • • , Mj, • • • , Mfe) (2.2) 

i=0 

0<i<j<k 

We have the identity 

^((9 ) 0) (mq. Ml, ... , Ui^ • • • , Mj, . . . , Uk+lj (2.3) 

^ ^ ( 1) (MQ, Ml, . . . , Mj, . . . , Mj, . . . , rifc+i) 

0<i<j<k-yl 


which says that the coboundary condition (<9'")^ = 0 holds if and only if 
Curv'" = 0. This is the integrability condition for the horizontal plane dis¬ 
tribution. 

One can assign to every 0 G Q^{B) ® C°°{E) a horizontal /c-form 7r*0 
uniquely determined by the condition 


(7r*0)(hor^(Mi),... ,hor’"(Mfc)) = 0 (mi, ... ,Mfc) 


for any Ui,... ,Uk E X{B). This correspondence is independent of the choice 
of a connection. 

Consider a (local) coordinate system {^,x) = (^*,a;'^) on the total space 
E, where (^*) are coordinates on the base B and {x^) are coordinates along 
the hbers of E. In coordinates, we have 

T^T-isX, r = <ii- + r.-K.iRi 


Here and throughout the text, the summation over repeated indices will be 
understood. Locally, the horizontal subbundle is generated by the vector 
helds 


hor* = hor^ 



d 

w 


rr(e,a;) 


d 

dx'^ 
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Moreover, the curvature form can be viewed as a 2-form on B with values in 
the space of vertical vector helds, 


Curv^ = o Curv,^ (^, x)dC A d^- 


A. 

dx° 


Notice that 


and 


[hori,horj] = - Curv,^^- ^ G dfy(E), 


horj, 


A. 

dx° 


d 

dx^ dx'' 


e Xv{E). 


(2.4) 

( 2 . 6 ) 


Recall some properties of the Schouten bracket for multivector helds on 
E (see, for example |KM1 |Vai | ). Let If G x^iE) be a bivector held and 
Rti . TE be the induced bundle morphism, (/3, n^(a)) = n(a,/3). For 

any G G C^{E) and W eX{E), we have [G, <F] = U^dG and [IF, R] = Ly^n, 
where Lyy is the Lie derivative. 


Lw^ia, P) — Lnho)/^(^) “ -^nh/3)*^(^) + Lw(Ji{a, /?)). (2.6) 

Moreover, we also need the following identities: 

[IF, A Z2] = [fF, Z2] A - [IF, Zi] A Z2 ( 2 . 7 ) 

and 

[Zi A Z 2 , n] = .^2 A Lz-J^ — Z\ N Lz2^ (2-8) 

for 1 F,Zi,Z2 G X{E). 

The Jacobi identity. Fix an Ehresmann connection F. Suppose we are 
given a bivector held If G x^(E) which has the following representation with 
respect to decomposition (2.1): 


n = FRy. 


(2.9) 


Rere Uh G Xh{E) and Ry G Xy(E) are horizontal and vertical bivector 
helds, respectively. 


x) hor* A hor^, Ry = (^, x 


d 


A 


d 


dx°‘ dx!^ 


( 2 . 10 ) 


Let V° Ann(V) C T*E be the annihilator of the vertical subbundle V. 
Notice that (2.9) holds if for every horizontal 1-form P the image R^(/d) is a 
horizontal vector held. 


R^(v°) c e. 


(2.11) 















This is just a condition for vanishing the component of degree (1,1) in the 
decomposition of If. 

Proposition 2.1. The Jacobi identity for the bivector field li, 

[n,n] = 0 (2.12) 

is equivalent to the following relations: 


6 n“"—^ = 0 , 

(q,/3,7) dx^ 

Thors n^/ ~ 0) 

, 6 = o, 

n- Curv^,, ug = nf 


d 


7 (nr 


(2.13) 

(2.14) 

(2.15) 

(2.16) 


Here © denotes the cyclic sum and Thors *■5 derivative along hor^. 


Proof. Using relations (2.4)-(2.8), we compute the Schouten bracket [H, If] 
by parts. 

(i) The “horizontal-horizontal” part: 


[IIh, n^] = hor* A hor^, Iiy hor^/ A hor^/] 

- U^Lhovsi^H) hor* A hor^ A hor^ 

— nil Curvfi/ ny a hor, A hor,/ . 

(ii) The “horizontal-vertical” part: 


2[nH,ny] = - 


, d 


d 


n*^hor,Ahor,-,n^"^ A^ 


Q 1 ■ ■ 

= ^ -— A hor, A hor,/ --11% hor^ AThor.Hy. 


dx^' dx^ 


'■3' . 


Here 


Thorj ny 


.h„„nf + n,, — 


(9rf a dVf\ d 

aa 3 Y\!^ T ' 


A 


d 


^ dx^ J dx°‘ dxh 
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(iii) The “vertical-vertical” part: 


[Ily, Ily] 


1 

4 


TTO-O-' 


d 

dx^ 


A 


B 

^ dx'^ dx^ 


_d_ j.a/3 d 

dx^' ’ ^ dx°‘ 

d d 
^ dx’^ ^ dxf^ 


A 


d 

dxl^ 


It follows from here that the Schouten bracket [11,11] is the sum of 3-vector 
helds of degrees (3, 0), (2,1), (1, 2), and (0, 3). Vanishing of these terms leads 
to relations (2.13)-(2.16). □ 


Corollary 2.2. The Jacobi identity for 11 in (2.9) implies that its vertical 
part fly is a Poisson tensor. 

Remark 2.3. In |Va 2 l , a Poisson tensor satisfying condition (2.11) is called 
almost coupling. 


2.2 Coupling Poisson tensors 

A bivector field 11 G x^(£') is said to be horizontally nondegenerate on E if 
for every m G E the image n5|^(V((^) is a complementary subspace of Ym in 
TmE. In this case, 11 induces the Ehresmann connection P corresponding to 
the horizontal subbundle 

H=^n^(V°). (2.17) 

This implies that 11 ( 0 ;,/3) = 0 for all a G Sect(]HI°) and (3 G Sect(V°). Conse¬ 
quently, n has representation (2.9) with respect to connection (2.17). Then, 
the horizontal part 11 ^ is nondegenerate in the sense that 

kernj^lvo. = { 0 }, (2.18) 

or, equivalently, n5|^(V((j) = Hm. It follows from here that there exists a 

unique 2-form E ® C°°{E) dehned by the condition 

= (VF)(nVA),n!,(ft)) (2.19) 

for any f3i, (32 G Sect(V°). It is clear that 

7r*F|H^ is nondegenerate (2.20) 
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for every m ^ E. In coordinates, 

n*F = F,,{^,x)dCAde, 

where x)Fsj{^, x) = —6j and 

det(Fij(^,a;)) 7^ 0. (2.21) 

Thus, the horizontally nondegenerate bivector held 11 induces the triple 
(Ily, r, F) consisting of the vertical bivector held Ily, the Ehresmann con¬ 
nection r in (2.17) and the 2-forni F dehned by (2.19). The triple (Ily, T, F) 
will be called the geometric data of 11. This correspondence is one-to-one. 
Conversely, for a given (Ily, T, F), where F satishes the nondegeneracy con¬ 
dition (2.20), the corresponding horizontally nondegenerate bivector held 11 
is dehned by 

n = hor. Ahor, +inf A (2.22) 

Here, F^^{^,x)Fsj{^,x) = 5*. 

Taking into account (2.21), we deduce the following result straightfor¬ 
wardly from Proposition 2.1. 

Proposition 2.4. A horizontally nondegenerate bivector field H is a Pois¬ 
son tensor if and only if the geometric data (Hy, T, F) satisfy the following 
conditions 


[Hy, Hy] — 0, 

(2.23) 


(2.24) 

d^F = 0, 

(2.25) 

Curv^(n,M) = {Ilv)'^d{F{v,u)) 

(2.26) 


for any v,u E X(B). 

By (2.16) and (2.21) we also get the following fact. 

Corollary 2.5. The Jacobi identity for the horizontal component Hj:/ of H 
is eguivalent to the zero curvature condition, 

Curv^ = 0. (2.27) 
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The horizontally nondegenerate Poisson tensor 11 in (2.22) is called a 
coupling Poisson structure associated with geometric data (ny,r, F). The 
2-form F will also be called a coupling form. Formula (2.22) is the result of 
coupling F and Ily via the connection T. 

The pairwise Poisson brackets of coordinate functions relative to If are 
written in terms of geometric data as follows: 


{C,e}n = -F^^{f,x), (2.28) 

{C,x^}u = F^^{f,x)r:{f,x), (2.29) 

{x^,x^}u = nf (e,a;) - Pr(e,a:)F*^(e,x)rf(e,x). (2.30) 


Example 2.6. Let E = B x N is the product of a symplectic manifold 
{B,uj) and a Poisson manifold N with Poisson tensor <F. Let pi and p 2 be 
the canonical projections to the hrst and the second factors, respectively. 
We can think of F as a trivial hber bundle over B with vr = pi. Then the 
direct product Poisson structure on F x is a coupling Poisson structure 
associated with the following data: (Lly, HI = kerp2, F = a; 0 1). Here 
Uy is a vertical bivector held on F x which is uniquely determined by 
the condition: Ily{p 2 a,P 2 P) = p*2{^{a^(3)) for every a,P E In this 

case, P is a hat connection with trivial holonomy. By the local splitting 
theorem I Wei I , locally, each Poisson manifold has this form. 


Example 2.7. Every Poisson manifold in a neighborhood of a symplectic 
leaf is realized as a coupling Poisson structure on the normal bundle (see 
Section 4). 


More examples can be found in |Voi| |Vo 4 | |Va 2 l IVa.il IDW] . 

Fiber-tangent Poisson strnctnres. By (2.23) the vertical part of a 
coupling Poisson tensor is also Poisson. Following the terminology introduced 
in |Va 2 l , a vertical Poisson tensor T on the total space E will be called a 
fiber-tangent Poisson structure. Such a Poisson structure can be uniquely 
characterized by the property: for ever m E E the symplectic leaf of T 
through m belongs to the hber ET,(^rn)- The restriction Tg = is well 

dehned and gives a Poisson tensor on the hber Fg which varies smoothly 
with f E B. Thus, one can think of vr : F — > F as a bundle of Poisson 
manifolds with hberwise Poisson structure Tg. If T is the vertical part of 
a coupling Poisson tensor H, T = Uy, then condition (2.24) implies that 
the parallel transport operator of the connection F preserves the hberwise 
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Poisson structure on E induced by T. Such a connection is called a Poisson 
connection. 

Definition 2.8. A fiber-tangent Poisson structure T is said to be locally 
trivial if in a neighborhood of each point in E there exists a coordinate 
system {i,x) = such that T has the form 

Here (.^*) are coordinates on the base B and {x'^) are coordinates on the fibers 
of E. 

In the next section, we show that a typical feature of the fiber-tangent 
Poisson structure T which comes from a coupling Poisson tensor is that T 
is locally trivial. The local triviality property allows us to transfer some 
properties of T from the fiber to the total space using the partition of unity 
argument. 

Fiber preserving transformations. Suppose we are given a coupling 
tensor H on associated with geometric data (Hy, P, E). 

Proposition 2.9. Let g be a fiber preserving cliffeomorphism. Then the push- 
forward n = gjl is a coupling Poisson tensor associated to the geometric 
data 

fly = g^fTiy, f = g>t:T, F = gt^F. (2.32) 

Proof. Consider the bivector field IT = g^^U and the corresponding distribu¬ 
tion H defined by (2.17), 

%im) = (drug) O O (dragyfVl^rn)) (2-33) 

for every m E N. Here dmg ■ T^E — Tg(rn)E is the tangent map of g. On 
the other hand, consider the push-forward g^M of HI by g, 

~ idmg)^m- (2.34) 

By assumption, g is fiber preserving, that is, dg preserves the vertical sub¬ 
bundle, 

(.dm.g'l^m g{m) 

and hence (corns')= ¥^. Comparing (2.33) and (2.34) leads to 

HI = g^M. 
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Thus, IHI is complementary to V and hence 11 is a coupling Poisson tensor. 
For the connection form we have V{{dmg)X) = {dmg)^{X) for X G T^E. 
Other two identities in (2.32) are evident. □ 

It follows that decomposition (2.9) is stable under a fiber preserving dif- 
feomorphism g, 

g*(J^H + ify) = (5f*n)/f + (5f*n)y. (2.35) 

In general, this is not true. 

2.3 Infinitesimal Poisson automorphisms 

Let n be a coupling Poisson tensor associated with geometric data (fly, P, F). 
Our goal is to describe inhnitesimal Poisson automorphisms (Poisson vector 
helds) of n in terms of the geometric data. 

We start with some useful technical formulas. Let 

X = X\i,x)hoii (2.36) 

be a horizontal vector held. Denote \xF G Q^{B) ® C^{N) dehned by 
TT*{ixF) = ix(7r*F), or locally, ixF = X%^, x)Fsj{^, x) ® d^K 

Lemma 2.10. For any vi,V 2 G X{B), we have 

Lx(7r*F)(hor(ui),hor(u2)) = {ixF){vi,V2). (2.37) 

Proof. In components, condition (2.25) for F reads 

6 Li^onEjs = 0 . 

{ijs) 

Applying this identity and using the dehnition of , we get 

Lx(7^)(horm, hor^n') LxF^^/ Fg^^Li^Qj-^fX T Fg^n'LhormX 

~ Ljiorm (lx7^)m' Lhor^/(ix7^)m 
= {d^{\xF))nira'- 


□ 
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Proposition 2.11. The Lie derivative of the coupling Poisson tensor H along 
a horizontal vector field X is given by the formula 


LxYl = hor, A hor, (2.38) 

-F^^hoi,Ml\,{d{X^F^fi). 

Proof. It follows from (2.4) and (2.26) that 

d 

[hor^, hor^] = - Curv^^ ^ = -Yi\,{dFsm)- 

Then, 

= -l(Lhor.P*'') hor, A hor,- -F^^ hor, An;.(dF,„,) 

and 

= ^F^^iLxF^^, - F,^L^,,^,X^ + F,^,L^,,^X^)F^'^ hor, A hor, 

- X^F^^ hori AUlidFsm) - hor^ A(n!,dX*) 

From here, by using (2.37), we deduce (2.38). □ 

Denote by Casim(i7, Ily) the space of Casimir functions of the vertical 
Poisson structure Ily. It is clear that n*C°^{B) C Casim(i7, Ily). 

Corollary 2.12. A horizontal vector X is an infinitesimal Poisson automor¬ 
phism of n if and only if 

Lxi7T*F)\^ = 0, (2.39) 

and 

ixF G 0 Casim(i7, Ily). (2.40) 

Condition (2.39) says that the Lie derivative of the horizontal 2-form 7r*F 
along X is a vertical form. 

Furthermore, using (2.24), we get the formula 

L^Hy = - hori A(n{,dX*) (2.41) 

which says that X is an inhnitesimal Poisson automorphism of Ily if and 
only if the coefficients X* in (2.36) are (local) Casimir functions. 
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Now, let 


be a vertical vector field. By straightforward calculation we get the formula 
LyU = ^F^^[LYFmn.']F^'^ hor, A hor, (2.42) 

- F^*[hor„ F]" hor, + LyUv, 

ox" 

which gives the following criterion. 

Proposition 2.13. A vertical vector field Y is an infinitesimal Poisson au¬ 
tomorphism of n if and only if 


LyUy = 0, 

(2.43) 

LyiTT^F) = 0, 

(2.44) 

[hor(M), F] = 0 

(2.45) 


for every u G X{B). 

Remark that condition (2.45) means that the horizontal subbundle H is 
invariant under the flow of Y. 


2.4 Poisson homotopy 

Suppose we are given a smooth 1-parameter family {fltj^gjo^] of coupling 
Poisson tensors on E. For every t, fl^ is a coupling Poisson tensor associated 
with geometric data ((11*)^, P*), where the vertical bivector field (Ifjy, 

the Ehresmann connection P*, and the 2-form F^ vary smoothly with t. In 
coordinates, 



Here we denote hor* = hor'" (^) and F^^Fh = <5*. 

Let Zt be a time-dependent vector field on E. Then we have the decom¬ 
position 

Zt = Xt + Yt, (2.47) 
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where Xt and Yt are the horizontal and vertical components with respect to 
the connection Y, 


X, = Xl{^,x)hoTl, Y, = Y,-{^,x) 


A. 

dx° 


(2.48) 


Let be the covariant exterior differential (2.2) associated with LL 

Proposition 2.14. A time-dependent vector field Zt = Xt-\- Yt is a solution 
of the equation 

r ^ dlit 

+ 


dt 


= 0 


if and only if the components Xt and Yt satisfy the relations 


LyJA + 




V 


ir(ix,F‘) + Ly,F‘ + ^ = 0, 
(n‘)U(ix,F% + [hor^, Y,] - = 0. 

Proof. First, the straightforward compntations give 

^ f m'j ^ 


dt 

dF^ 


= 0 , 


(2.49) 

(2.50) 

(2.51) 

(2.52) 


dt 


dt 


^^^Ahor*+l4(n-^ 


dt . ^ ' 2dt^^^^’^ dx^ 


d d 
A 


dxh 


By formnlas (2.38), (2.41) and (2.42) we get 


1 


Lz,Ut = -Fr[{d^\ix.FfiU^, + LY,Ffi^,]Fr^hoTlAho^ 


d 


- Fr hor* AiUtfiyidiX^Ffifi) - Ff [hor*, Yt]^ hor* + L^Uv. 


dx° 


Finally, putting these relations into (2.49) and using that 

is a vertical vector field, 


dt 

we see that vanishing the terms of degrees (0,2), (2,0), and (1,1) leads to 
Eqs. (2.50)-(2.52). □ 
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A time-dependent vector field Zt satisfying (2.49) is said to be an in¬ 
finitesimal generator of the family {11*} of coupling Poisson tensors on E. 

Definition 2.15. We say that two coupling Poisson tensors If' and If" on E 
are homotopie if there exists a smooth family {n*}*£[ 04 ] of coupling Poisson 
tensors on E which admits an infinitesimal generator and ioints IT' and fl", 

Ho = n', Hi = n". 

Assume that Zt is an infinitesimal generator of {If*}. Let <I>* be the flow 
of Zt, 

— = Z*o<|>*, <I>o = id. (2.53) 

Suppose that for every t G [0,1] the flow <h* is well defined on an open domain 
IVflow ^ E independent of t. Then, we have 

= + (2,54) 

and hence 

<I>*n* = IIo on iVflow (2.55) 

Thus, the family {hi*} is generated by the flow <I>* and the “initial” coupling 
Poisson tensor. 

The next question is to formulate some criteria for the existence of Z* in 
terms of the geometric data of 11* analyzing Eqs. (2.50)-(2.52). 

Sufficient conditions for the existence of Z*. Here we assume that 
we are given a smooth 1-parameter family {n*}*g[o,i] of coupling Poisson 
tensors such that the vertical part of H* is independent of the parameter t, 

(n*)v = T Vfe[0,l], (2.56) 

where T is a fiber-tangent Poisson structure. Thus, for every t, H* is a 
coupling Poisson tensor associated with geometric data (T, P*, F*). 

Let us introduce the following notation. Denote by {, }t the Poisson 
bracket corresponding to the fiber-tangent Poisson structure T. One can 
associate to any Q G C°°{E) and 0 G ® C°°{E) an element 

{Q A 0}t G D^+^(iI) (D C°°{E) defined by 

{Q AQ}r{uo,ui,... ,Uk) (2.57) 

k 

= ^(-l)*{Q(Wi), 0(wo, Ui, . . . ,Ui, . . . , Mfc)}T- 
i=0 

In particular. 
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(2.58) 


• if 0 e Q e n\B)(^C^{N), 

{Q A 0}t(mo, ui) = {Q(mo), 0(mi)}t - {Q{ui), 0(mo)}t; 

• if 0 e ^2(5) 

{Q A 0}t(mo,mi,M2) = © {Q(mo), 0(mi,M2)}t- (2.59) 

(uo,Ul,U2) 

Assume that the data (F*, F^) satisfy the following condition: there exists 
a smooth family of 1-forms Q* € 11^(5) ® C°°{E) such that 

hor^*(n) = hor'"°(M) -|- T'^dQ^{u), (2.60) 

F* = F°-(9^°Q' + i{g*Ag'}T) (2.61) 

for every t G [0,1] and u G X{B). 

By (2.24), hor'" (u) — hor'" (u) is a vertical Poisson vector held of T. 
Condition (2.60) says that this difference is a Hamiltonian vector held with 
Hamiltonian Q^{u) which must satisfy the compatibility condition 

g°(n) G Casim(E,T). (2.62) 

Furthermore, condition (2.60) implies that the exterior covariant derivatives 
and d^° are related by the formula 

ar‘0 = a^“0 + {g* A0 }t. (2.63) 

In particular, 

= 9^°g* + {g‘ A g*}x. 

It follows that (2.61) can be rewritten in the form 

F^ = F^- - i{g' A g'jx^ . (2.64) 

Proposition 2.16. Under assumptions (2.60), (2.61), a time-dependent vec¬ 
tor field Zt = Xt + Yt is an infinitesimal generator of the family {H^} if and 
only if Xt and Yt satisfy the equations 

LyJ = 0, (2.65) 

= 0 ’ ( 2 - 66 ) 

- ixtFfiu)^ + [YtM^fiu)] = 0. (2.67) 
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Proof. By (2.61) and (2.63) we deduce 


dF^ 


d 


po 


SO'W ro*. ■ 


= -d 


p* 


dQ^ 

dt 


Condition (2.60) implies 


(9horj 

dt 


= T^dQf 


( 2 . 68 ) 


Putting these relations into (2.51) and (2.52) gives (2.66) and (2.67). □ 

Corollary 2.17. We have the variation of parameter formula for lit 

'dQ^' 


1 jpim I 


dt 


FF ^ hor( A hor( 


(2.69) 


F:^ hor( AT^ 


{'( 


dt 


Now, choosing Y) = 0 in (2.66), (2.67), we arrive at the key observation. 


Theorem 2.18. Let {hit} be a family of coupling Poisson structures associ¬ 
ated with geometric data (T,r*,F*). If conditions (2.60), (2.61) hold, then 
{nj admits the infinitesimal generator Xt = X^(,^, x) hor( which is uniquely 
determined by 

ixtF^ = (2.70) 

Remark that Xt is well dehned by (2.70) because of the nondegeneracy 
property (2.20) for Fh 

Let Yt = T'^^dht be the vertical Hamiltonian time-dependent vector relative 
to T with a time-dependent function ht G C°°{N). By (2.24), the horizontal 
lift hor'" (u) is a vertical Poisson vector field of T and hence 

IhoPtuj.T'dfc,] = (2.71) 

It follows from (2.65)-(2.67), that under conditions (2.60), (2.61), hnding 
solutions of (2.49) in the form Zt = Xt + T'^dht is reduced to solving the 
following two equations: 

a^‘ - ix.p) = {h„ F‘]t, (2.72) 

rtd(^?QM _ = 0. (2.73) 
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Necessary conditions. Theorem 2.18 says that conditions (2.60), (2.61) 
are sufficient for the existence of an inhnitesimal generator of {Ifj}. Now we 
assume that only (2.60) holds. In general, the implication (2.60) (2.61) 

is not true. By (2.26) one can conclude that (2.61) holds only modulo an 
element in ® Casim(i?, T). The next statement shows that condition 

(2.61) is necessary for the existence on an inhnitesimal generator of {11^} in 

the class of vector helds of the form + T^'^dht. 

Theorem 2.19. Let {IIj} be a family of coupling Poisson structures associ¬ 
ated with geometric data (T,T*,F^). Assume that 

(a) condition (2.60) holds for a certain family {Q^}; 

(b) {Ili} admits an infinitesimal generator of the form 

Zt = Xt + T^dht, (2.74) 

for F e C^{E). 

Then, the family {Q^} can be chosen such that (2.61) holds. 

Proof. Suppose {Q^} in (2.60) and an inhnitesimal generator Zt in (2.74) are 
hxed. Remark that {Q*} is unique up to the transformation + K^, 

where G Q^{B) ® Casim(i7, T). Our point is to choose to satisfy 

(2.61) . By Proposition 2.14, Zt must satisfy Eqs. (2.51) and (2.52). First, 
let us consider (2.52) for T) = T'^dht. Using the identity 

{d^'h^){u) = Vm e X{B), 

by (2.71) we deduce 

[hor‘, 17 ] = T^dr‘h‘)„ 

where G 0^(5) 0 C°°{E). Putting this and (2.68) into (2.52) gives 

T^d(^{ixtF')s + {d^"h^)s - = 0 . 

Consequently 

for a certain (3^ G 0^(5) ® Casim(i7, T). Applying the operator to both 
sides of this equality, we have 

d^\ixtF^) = - d^"h^ + (2.75) 
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Next, consider Eq. (2.51). Remark that we have the identity (see (2.79): 

Ly,F^ = {h\ F*}t = (2.76) 

By using (2.75) and (2.76), we rewrite (2.51) in the form 




dQ^ 

dt 




dF^ 


= 0 . 


(2.77) 


Now taking into account (2.63) and that from (2.77) we 

deduce 


dF^ 


= - d 


:)r0 


dQ^ 


'm 


dt , 


+ < Q*, 


dQ^ 

dt 




AQ‘}t 


t A r^t^ I _ 


Finally, integrating of this identity gives 


F* = Fo - 

Thus, after the transformation 


d^°Q^ + -{Q^AQ^}r 


-d 


ro 


P'^ dr 


(2.78) 


I—^ + / f3^dt^ 


(2.61) is satished. 


□ 


2.5 Relative Casimir 2-cocycles 

Denote by Coup(F, T) the set of all coupling Poisson tensors fl with fixed 
vertical part, Ily = T. Here we introduce an invariant of a pair of bivector 
helds in Coup(F,T) which takes values in the space 0 Casim(F, T). 

This invariant is well dehned for coupling Poisson tensors whose geometric 
data belong to the same equivalence class. 

Pick n G Coup 5 (F, T) associated with geometric data (T,r,F). Con¬ 
sider the covariant exterior derivative d^. By (2.3) and (2.26) we have the 
identity 

(((9’")^0)(mo,Mi, ... ,Ui,... ,Uj ,... ,Mfc+i) (2.79) 

= {-iy^^{F{Ui,Uj),Q{Uo,Ui,...,Ui,...,Uj,...,Uk+l)}T- 

0<i<j<k-\-l 
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We also need the following formulas which can be easily derived from 
dehnitions. For any Q G ® C^{E) we have 


{dyQ = {QAF}r, (2.80) 

d^{QAQ}r = -2{QAd^Q}r, (2.81) 

{QA{QaQ}t)}t = 0. (2.82) 

Note that the Lie derivative preserves the subspace Casim(F', T) C 
C°°{E). This means that the restriction of to r2^(i?) ® Casim(i?, T) is 
well dehned. We will denote this restriction by 

: Q\B) ® Casim(E, T) ^ ® Casim(E, T). (2.83) 


It follows from (2.79) that is a coboundary operator, 

{dlY = 0 . 

Now let us take another coupling Poisson tensor 11 G Coup(i7, T) asso¬ 
ciated with geometric data (T, r,F). Assume that the pair (11,11) satishes 
the condition; there exists Q G 12^(5) ® C°°{E) such that 

hor^(M) = hor^(M) -|- T'^dQ{u) (2.84) 

for u G X{B). Then, for every 0 G 12^(5) ® C°°{E) 

d^Q = d^Q + {QA 0}t. (2.85) 

This implies 

^0 = ^ 0 ^- ( 2 . 86 ) 

Let us associate to the pair (11,11) the following 2-form 

C = Cnn = ^ - + 1{QA gix) . (2.87) 

Then, 

C en\B)®Casim{E,T). (2.88) 

Indeed, by (2.81) we get 

Curv^ = Curv'" —T'^d{d^Q + ^{Q A gjx)- 
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Comparing this with 

Curv^ = TUF and Curv’^ = TUF 

leads to (2.85). 

Proposition 2.20. The 2-form C in (2.87) is a 2-cocycle, 

d^C = 0. (2.89) 

Proof. It follows from (2.25), (2.84) that 

d^F = {d^ - d^)F = -{Q A F}r. 

On the other hand, by using (2.82) and (2.88) we derive 

{Q A Fjx = {Q A + {Q A C}t — {Q a d^Q}r — -{Q A {Q A Q}t)}t 
= {Q A F}y — {Q A d^Q}r. 

Thus, 

d^F = -{Q A d^Q}r + {QA F}r. 

Finally, taking into account (2.80),(2.81), we get 

d^C = d^F + {d^Q + ^d^{Q A Q}r 

= —{Q A F"}t + {Q A d^Q}-Y + {d^)‘^Q + {Q A Q}t 
= 0 . 

□ 

If (2.84) holds, then we shall write 11 ~q II. It is clear that condition 
(2.84) dehnes an equivalence relation for the elements of Coup(i7, T). 

Definition 2.21. For any H, II G Coup(i7, T) such that H ~q II, the 2-form 
C = Cjjn in (2.87) will be called the Casimir 2-cocycle of the pair (II, II). 

Recall that Q is uniquely determined by (2.84) up to the transformation 

Q ^ Q -\- K, 
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for arbitrary K G Q^{B) ® Casim(ii^, T). Then C is transformed by the rule 

C^C + d^K, 

which preserves the d^-cohomology class [C] = of C = Thus, 

[Cnn] is an invariant of the pair (11,11). Here are some properties. 

Proposition 2.22. For any coupling Poisson tensors H, H', H" from the 
same eguivalence class, the following identities hold: 

[iTn'n] = — [iTnn'], (2.90) 

[(Tn'n] + [C^nn"] + [C^n'm'] = 0. (2.91) 

Proof. Below we perform computations modulo the elements in Q^{B) ® 
Casim(i?, T). By (2.85), we have 

C„,n = F-F'- (d'^'Q - i{Q A Q}t) 

^F-F'- (s^Q + t{Q A 0}t) 

= —d^nn'- 


Moreover, (2.84) implies 

Qr"r ^ gr"r' ^ gr'r 


and then 


Cn„n = F"-F + A 

= (F" - F') + {F' -F) + 

+ A A Q'-'yx + {<?'■"'■' A Q'-yx. 

Finally, using again (2.85), 

5r/-,r"r' _ Qr'/-,r"r' 


^ =d^ ^ -{Q^^ AQ^ '}x. 


we derive (2.91). 


□ 
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Let Ham(£^, T) be the Lie algebra of Hamiltonian vector fields of the 
hber-tangent Poisson tensor T. Denote by Poissv'(-E, T) the Lie algebra 
of all vertical Poisson vector helds of T. Then Ham(ii^, T) is an ideal of 
Poissy(i?, T). Introduce the hrst reduced Poisson cohomology space as 




Poiss\/(ii^, T) 
Ham(ii^, T) 


The following statement is evident. 


(2.92) 


Proposition 2.23. Assume that 

Hl,{E,T) = {Q}. (2.93) 

Then for arbitrary H, H G Coup(i?, T) there exists a Q E ® C^{E) 

such that n n, and hence the Casimir cocycle [(rnn] is well defined. 

Under condition (2.93), one can associated to T an intrinsic coboundary 
operator 

do : (8) Casim(E, T) ^ D^+^(H) 0 Casim(E, T), (2.94) 

given by c?o = where P is a Poisson connection on (i?,r). It is clear that 
this dehnition is independent of P. The properties of do are controlled by the 
(singular) symplectic foliation of T. 

Inner Poisson automorphisms. Denote by Aut(ii^, T) the group of all 
hber preserving Poisson automorphisms of {E,T). By Inn(ii^, T) we denote 
the subgroup of Aut(ii^,T) corresponding to inner Poisson automorphisms. 
Recall that a diffeomorphism g ■. E —>■ E is called an inner Poisson automor¬ 
phism jChdol |Fei| if there exists a smooth family of Hamiltonian functions 
ht : E —>■ M. such that the flow gt of the time-dependent Hamiltonian vector 
held V**d(h*) joints g with the identity map, go = id and gi = g. 

By Proposition 2.9, the groups Aut(ii^, T) and Inn(T^, T) act naturally on 
Coup(E,T). 

Proposition 2.24. Let H, H G Coup(i?, T). If II ~q H, then for every 
g G Inn(A',T), the push-forward ^f^H G Coup(ii^,T) is a coupling Poisson 
tensor associated with geometric data {T, g^,T, g^^E) and such that 

n ~Q 1 5 '*n, (2.95) 

[^n,n] = [^c/*n,n] (2.96) 

for a certain G Il^{B) 0 C°°{E). 
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Proof. We use the flow gt of the time-dependent Hamiltonian vector held 
to define a family of coupling Poisson tensors {nt}tg[o,i] by 

Ht = {gt).n. (2.97) 


By Proposition 2.9, the corresponding geometric data are 

(T,r‘,F‘)= (T,(9,).r,(9,).F), 

where (T, P, F) are geometric data of H. Then, Hi = H and Hq = H. Taking 
into account (2.71) for hor'" (u), we get 

hor'"*(M) — hor'"(u) = f [h.oP{u),V'^d{hr)]dT 


hor^{u)’^T 


Thus 

where 


= V^d 

hor^(M) = hor'"*(M) -|- V^dQ*, 
Q Q f Lhor"^{u)dT dr. 


hr dr 


In particular, at t = 1 this gives (2.95). 

Now applying Theorem 2.19 to family (2.97) and Zt = V^d{F) shows that 
= 0 in (2.78) and hence Cn^.n = 0. From here and property (2.91) we 
deduce (2.96). □ 

Corollary 2.25. The orbit of the aetion o/Inn(i7,T) through every H G 
Coup(i7, T) belongs to the equivalenee elass o/H. Moreover, 


Cg.n.n — 0 


(2.98) 


for every g G Inn(i7, T). 

3 Poisson equivalence 

Here, using the results of previous sections, we obtain some criteria for the 
equivalence of Poisson structures in the neighborhood of an entire common 
symplectic leaf. 
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Let TT : E ^ B he a. vector bundle over a connected base B equipped 
with symplectic structure uj. We shall identify B with the image of the zero 
section. 

Proposition 3.1. Let H be a Poisson tensor on E with property: 

{B,uj) is a symplectie leaf of U. (3.1) 

Then, there exists a neighborhood N of B in E such that If is a coupling 
Poisson tensor on N associated to geometric data (Ily, L, E) satisfying the 
following conditions: 

rank fly = 0 on B, (3.2) 

hor^(M)|B=M, (3.3) 

7r*E\B = UJ (3.4) 

for every u G X{B). 

Proof. We have to show that If is horizontally nondegenerate in a neighbor¬ 
hood of B. Let Y C TE he the vertical subbundle and V° C T*E be the 
annihilator of V. Consider the plane distribution on E associated with If; 

H,„ = n«,(V»,), rn e E. (3.5) 

For every ^ & B we have the decomposition 

T^E = T^B © E^, 

where = E^. Then, 

T^E = {T^Bf © V^. 

On the other hand, it follows from (3.1) that 

n“(T^*.F) = T^B, 

which says that n^((T^i?)°) = {0}. Consequently, 

= T^B (3.6) 

for every f & B. Thus, HI is a complementary of V at every point of B. This 
means that there exists an open neighborhood N of B in E such that 

TnE = H © V. (3.7) 

Properties (3.3) and (3.4) follow from (3.1) and (3.6). Remark that rank If = 
ranklf/^ + ranklly. But rank If = rankfl^^ = dimR at f E B. This proves 
(3.2). □ 



Denote by Coup^{E) the set of germs at B of all Poisson structures 11 
on E satisfying condition (3.1). Let 0 be a diffeomorphism between two 
neighborhoods of B which is identical on B, 0|b = id^. Then, for every 
n G €oup 5 (i?) we have 0*11 G Coup^(i?). 

We are interested in the equivalence between the coupling Poisson tensors 
in Coup^(i?) in the following class of diffeomorphisms identical on B. 

Denote by S}iff^(i?) the group of germs at B of diffeomorphisms 0 satis¬ 
fying the condition: in a neighborhood of 5 in i? the exists a time-dependent 
vector held Zt (t G [0,1]) such that 


Ztls — 0 


(3.8) 


and the how <ht of Zt joints 0 and the identity map, $1 = 0, $0 = id. 

Introduce also the subgroup in 'Diff%{E) consisting of germs 

of diheomorphisms g satisfying the condition: then there exists a time- 
dependent vertical vector held Y) such that 


h)|B = 0 (3.9) 

and the how of 10 joints g and the identity map. In particular, every g G 
(fnc) 5 (i?) is a hber preserving diheomorphism identical on H, tt o ^ = tt and 
g\B = id_B. 

Theorem 3.2. Let 11, II G ftoup^{E) be two coupling Poisson tensors asso¬ 
ciated with geometric data (nv',r,F) and (IIy,r,F), respectively. IfU and 
n are isomorphic by a dijfeomorphism 0 G 'Diff^{E), 

0*n = n, (3.10) 

then the vertical Poisson structures Ily and Ily are isomorphic by a g ^ 
€nPl{E), 

g*Tlv = ny. (3.11) 

Proof. Let Zt be the time-dependent vector held generating the diheomor¬ 
phism 0. By (3.8) there exists a neighborhood iVfjow of i? in i? independent 
of t such that the how <!>* of Zt is well dehned on iVfjow for all t G [0,1], 
•ht : IVflow ^ E. It is clear that 


•hils — idfi, 
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$1 = 0 and $0 = id. For every t G [0,1], one can define the Poisson tensor 

n* = ($t).n 

satisfying (3.1). Then, by Proposition 3.1, IIi is a coupling Poisson tensor 
associated with geometric data (Hy, P^ F^) varying smoothly with t. In 
particular, 

and 

(n(yP0Fl) = (fly,f,F). 

Thus, Zt is an inhnitesimal generator of the smooth family of coupling Pois¬ 
son structures {nt}ie[o,i], that is, Zt satishes (2.50). For every t, we have the 
decomposition 

Zt = Xt + Yt (3.12) 

into the horizontal Xt and vertical F) parts with respect to the connection F*. 
It follows from (2.50) and Proposition 2.14 that the time-dependent vertical 
vector held Yt must satisfy the equation 

L n‘ + - 0 

Furthermore, by (3.8) and (3.12) we have 

Yt\B = o yt. 

Shrinking the neighborhood iVflow, we can arrange that the how gt of Yt is 
well dehned on iVfiow. Then, gtYt = T and hence 

g*f = T, g = gt\t=y 

□ 

If (3.10) holds for a certain 0 G Diff^(i?), then we say that the coupling 
Poisson structures 11 and 11 are equivalent. Moreover, we can introduce the 
equivalence relation for hber-tangent Poisson structures on E saying that 
two hber-tangent Poisson structures vanishing on B are equivalent if they 
are isomorphic by a diheomorphism in (fnc)^(i?). Then, Theorem 3.2 can be 
reformulated in the following manner; the vertical components of equivalent 
coupling Poisson tensors in Coup^^E) are also equivalent. 

Combining the Local Splitting Theorem and Theorem 3.2, we arrive at 
the fact that the vertical part of every coupling Poisson tensor in Coup^(i?) 
is locally trivial (in the sense of Dehnition 2.8). 
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Proposition 3.3. Let IT G £oup^(i?) be a eoupling Poisson structure, and 
let ny be the vertical part. For every ^ E B there exist a neighborhood U of ^ 
in B with a trivialization Eu ^ U x such that 'Bv\eu is isomorphic to the 
direct product of the zero Poisson structure and IIv-Iej by a diffeomorphism 

Note that the data (F, E) are not preserved under the action of 2)iffg(i?) 
in general (compare with Proposition 2.9). 

Resuming, we conclude that, according to Theorem 3.2, the problem on 
the semilocal equivalence of Poisson structures in the class (Foupg(i?) is re¬ 
duced to the study of coupling Poisson tensors with hxed vertical part. 

3.1 Sufficient criteria 

Denote by (toup^{E, T) the set of germs at B of all coupling Poisson tensors 
n on with hxed vertical part. Fly = T, which satisfy (3.1). Then, 

rankT = 0 on R. (3.13) 

Denote by the space of all germs at B of all smooth functions on van¬ 
ishing at B. Introduce also the subspace CasimB(i?, T) of C’^{E) consisting 
of all Casimir functions of T vanishing at B. Then, we have a natural iden- 
tihcation CasimB(i?, T)/7r*C'“(i?). The corresponding space of germs at B 
of functions in Casims(i?,T) will be denoted by (Fasims. 

Let n G (Foup 5 (i?, T) be a coupling Poisson tensor associated with geo¬ 
metric data (T, F, E). By (3.3) it is clear that the restriction of the covariant 
exterior derivative (2.2) to D^(i?) (DCasims is well dehned. Thus, we have 
the coboundary operator 

Oq : D^(R) 0 (Fasitn-B —0 (Fasim-B- (3-14) 

Let n G (toup^{E, T) be another coupling Poisson tensor associated with 
geometric data (T,F,F). Recall that we write If If if there exists Q G 
Q^(B) ®5^b satisfying (2.60). This implies (9o = By (3.4) we have 

7r*(F-F)|B = 0. (3.15) 

If n ~Q n, then formula (2.87) dehnes the Casimir 2-cocycle associated to 
the pair (11, If): 

C = C]=jn ^ ®(9gC = 0. (3.16) 
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Recall that Q is uniquely determined by (2.84) up to the transformation 
Q ^ Q + K, ioT arbitrary K G ® Casirus. Then C is transformed by 

the rule C C + d^K preserving the Sg "Cohomology class [C]. 

We start with the following result which was stated in |Voi| . 

Theorem 3.4. Let fl, If G £oup^(i?,T) be two coupling Poisson tensors 
such that 

n n (3-17) 

and 

[^n,n] = 0- (3.18) 

Then, fl and II are isomorphic by a dijfeomorphism (f) G S}iff^(i7), 

= n. (3.19) 

The proof is divided in few steps. According to the results of Section 2, 
it suffices to hnd a Poisson homotopy. 

Step I. Let (T, T, F) and (T, f, F) be the geometric data of 11 and H, 
respectively. By conditions (3.17), (3.18), one can choose Q G f2^(i?) 
such that 



hor'"(M) = hor'"(u) + T'^dQ{u), 

(3.20) 


F = F-id^Q + ^{QAQ}r). 

(3.21) 

Dehne 


T* T - tr^dQ 

(3.22) 

and 


F^ = F-{td^Q+^-{QAQ}r). 

(3.23) 


Lemma 3.5. For any t G [0,1], the data (T,r*,F*) satisfy relations (2.23)- 
(2.26). 

Proof. It follows from (2.63) that 


= a’^0 + t{g A0 }t. 
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From here and by using (2.80)-(2.82), we get 


= d^Ft + t{Q A Ft}r 
= t[-{d^YQ + {Q A F}t] - f 


A Q}~c + {Q bi 


— {Q A {Q A Q}nv}nv — 0- 


Next, 

-^horrAu)"^ = ^hoF{u)'^ + tLxt\dQ{u)'^ = 0. 

Finally, using (2.71), it is easy to verify that the curvature 2-form of Fj 
satisfies (2.26) precisely for F* in (3.23). □ 

Now, we remark that F* satishes the nondegeneracy condition in a neigh¬ 
borhood of F in F for all t G [0,1]. Thus, for every t, the triple (T,F*,F*) 
dehnes the coupling Poisson tensor 11^ G Coup^(F, T). 

Step II. The family {11^} satisfies (2.60) and (2.61) for = tQ. Moreover, 
Hi = n and IIo = 11. In other words, Hq and [CntHo] = 0 for every t. 

Dehne the time-dependent vector held Xf = hor( by 


‘ixtF^ = Q- 


(3.24) 


Then, 

Xt\B = 0 (3.25) 

and hence for every t G [0,1], the how of Xt is well dehned in a neighbor¬ 
hood iVflow of B in F. According to Theorem 2.18, the time-1 how 0 = <Fi 
gives an isomorphism in (3.19). This completes the proof of the theorem. □ 

Remark 3.6. It follows from (2.41), that the how <Ft does not preserve the 
hber-tangent Poisson structure T, in general. 

Deformations of the coupling form. Let 11, II be two coupling Poisson 
structures satisfying (3.17). Then the Casimir 2-cocycle C = vanishes 
on F, 

x*C\b = Q. 

Thus, the 2-form F-|-F G satishes (3.4) and the nondegeneracy 

condition in a neighborhood of F in F. Moreover, it is easy to see that the 
triple (T,F,F-|-F) satishes the relations (2.23)-(2.26). 
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Proposition 3.7. Every pair G £oup 5 (i?, T) such thatli ~q II induces 
the coupling Poisson tensor He ^ ^oup^{E, T) associated with the geometric 
data (T,r,F + C'). 

We will call F + C the deformed coupling form and lie fhe deformed 
coupling Poisson tensor. It is clear that the relative Casimir 2-cocycle corre¬ 
sponding to n and He is zero. Applying Theorem 3.4 to II and He, we get 
the following result. 

Theorem 3.8. Let II, II G Coupg{E, T) be two coupling Poisson tensors such 
that n n. Let C = Casimir 2-cocycle and He the deformed 

coupling Poisson tensor associated with geometric data (T, T,F -\-C). Then, 
n and He are isomorphic under the time-1 flow of the time-dependent vector 
field Xt defined by 

ixt{F^ + C)=Q. (3.26) 

Equivalent vertical parts. Now suppose we are given a second hber- 
tangent Poisson structure T vanishing at B. Consider the corresponding 
class of coupling Poisson tensors £oupe(E,T). Let II G (Loupg(E, T) and 
n G (toup^{E, T) be two coupling Poisson tensors. Then, {B, u) is a common 
symplectic leaf of II and II. Assume that T and T are eguivalent, 

g*f = T (3.27) 

for some g G €nc)g(E). Then, by Proposition 2.9, g*H is a coupling Poisson 
tensor associated with geometric data {T, g*V, g*F). It is clear that g*H G 
Coup 5 (E,T). Assume that 

g*H n (3.28) 

for a certain Q G Q^{B) ® 5s- Then, one can dehne the Casimir 2-cocycle 
Cg = Cgtfi n the deformed coupling tensor He^ associated to g*H and II. 
As a consequence of Theorem 3.8 we get the following result. 

Proposition 3.9. Under assumptions (3.27), (3.28), the coupling Poisson 
tensors II and He^ are eguivalent. 

Let us look at the dependence of the Casimir 2-cocycle Cg on the choice 
of g in (3.27). 

Let 2tutg(E,T) C be the connected component of the group 

of germs at B of Poisson automorphisms of T. Denote by 3nnB(E, T) the 
group of germs at B of inner automorphisms of T which are identical on B. 
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The diffeomorphism g is uniquely determined by (3.27) up to the mul¬ 
tiplication by an element (p G 2tutg(i7,T). Assume that the fiber-tangent 
Poisson structure T possesses the property 

Qlut%{E, T) = JuxibUE, T). (3.29) 

Proposition 3.10. The Oq -cohomology class of the Casimir 2-cocycle Cg = 
Cg.fj n independent of the choice of g in (3.27). 

This assertion follows from Proposition 2.24. 

Thus, under assumption (3.29) and the equivalence of T and T, the 
cohomology class [C'^^n n] is an invariant of two coupling Poisson tensors 
n G €oupg(ii^,T) and H G Coup^(i?, T). 

3.2 Cohomological obstructions 

Here we show that the cohomology class of the relative Casimir 2-cocycle 
can be viewed as an obstruction to the Poisson equivalence in the following 
special case. 

Consider again the set (toup^{E, T) of germs at B of all coupling Poisson 
tensors H on with fixed vertical part T and satisfying (3.1). 

For every ^ G the fiber E^ carries the Poisson structure = T|g 
vanishing at the origin 0, Tg = 0 at 0. Since T is locally trivial, the germ 
of Tg at 0 is independent of ^ up to an isomorphism. Fix E B and make 
the following assumption on {E^q,T^o). Consider the Lichnerowicz complex 
Vk = [Tgo, ■] : x^{.E^o) —»• x^+^(i7^o) induced by the Schouten bracket on E^o 
|KM1 1 Vail . In particular, 

Po/ = [T^o,/]^T5od/, 

Viw = [T^o,w] = 

for / G x°(i?^o) = C°°{E^o) and for w G x^(i7^o) = X^{E^o). We assume that 
there exists a neighborhood O of 0 in E^o and linear operators 

'Ho ■■ X^{0) X°{0) and Hi : x^(0) ^ x^(0) 

satisfying the homotopy condition 

Vq o TLo -|- 7-f 1 o = id. (3.30) 
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This assumption guarantees that every smooth family of Poisson vector 
helds on O is a family of Hamiltonian vector helds, where the parameter- 
dependent Hamiltonian smoothly varies with a parameter. Then, by the 
standard partition of unity argument and the local triviality of T we deduce 
that property (2.92) holds in a neighborhood of B in E. In particular, for 
any H,!! G £oup 5 (i?, T) there exists Q G 12^(5) (g) such that H H 
and the Casimir 2-cocycle Cjj is well dehned with respect to the intrinsic 
coboundary operator c^o be associated with T. Remark also that the above 
assumption implies (3.29). 

Now we assume that we have the set €ouPb(£',T) corresponding to an¬ 
other fiber-tangent Poisson structure T. If T and T are equivalent, then by 
Proposition 2.24 for any H G £oup^(i?,T) and H G (roup^(i?,T) the do- 
cohomology class [Cg.n n] is independent of the choice of g in (3.27). Then 
we can put 

[^n,n] = [^g*n,n]- (3.31) 

We arrive at the main observation. 

Theorem 3.11. The coupling Poisson tensors 

H G (roup^(i7, T) and H G £oup5(i7,T) 

are isomorphic by a (f) E S}iff^(i7) if and only if 

(a) the germs at B ofT and T are equivalent, 
and 

(b) the do-cohomology class of (H, H) is trivial, 

[^n,n] = 0- 

The sufficiency follows from Proposition 3.9. The necessity part is a 
consequence of Theorem 2.19. 

Example 3.12. If E^o = g* is the dual of a semisimple Lie algebra g of 
compact type and T^o is the Lie-Poisson bracket on g*, then, as shown 
in IC 02 I , for a closed ball centered at 0 there exist homotopy operators in 
(3.30). 

4 Linearizability and normal forms 

Here we give some results on the linearization of a Poisson structure at a 
given (singular) symplectic leaf. First, we recall a coordinate derivation of 
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the linearized Poisson structure of the leaf |Vo 2 | . An invariant dehnition 
related to the notion of the Lie algebroid of a symplectic leaf |We 2 l can be 
found in |Voi| |Va 2 . 


4.1 Linearized Poisson structures 


Let (M, \b) be a Poisson manifold and be a symplectic leaf. We will 

assume that B is an embedded submanifold of M. Consider the normal 
bundle tt : E ^ B to B, 

E = TbMITB. 

As usual, to study Poisson geometry around the leaf B, we can move from 
M to the hbered space (the total space E of tt) by means of an exponential 
map. Consider the decomposition 

TbE = TB®E (4.1) 

and denote by Tb : TbE E the projection along TB. We say that a 
diffeomorphism i : E ^ M from the total space onto a neighborhood of the 
leaf i? in M is an exponential map if = ids and 

Ub o dbi = n 


for every b E B. Here Ub : TbM — > Eb is the natural projection. An exponen¬ 
tial map exists always because of the tubular neighborhood theorem |LMrj . 

Pick an exponential map f and consider the pull-back H = f*\[' via f. It is 
clear that {B, u) (as the zero section) is a symplectic leaf of the Poisson tensor 
n. Then by Proposition 3.1, H is coupling Poisson tensor on E associated 
with geometric data (ny,P,F) satisfying conditions (3.2)-(3.4). 

Let {iix) = (^bx”") be a (local) coordinate system on E, where (^*) are 
coordinates on B and {x^^) are affine coordinates along the hbers, so that 
locally, H = {x = 0}. Then, 


n = Hh + Hy = X) hor, A hor,- (C, x) 


d 


A 


d 


dx’^ dxi^ ’ 


(4.2) 


where hor^ = ^ — rj'(^,x)^. In coordinates, conditions (3.2)-(3.4) read 


nf(e,o) = o. 

(4.3) 

o 

o 

(4.4) 

F*^'(e,0)=a;‘^'(O, 

(4.5) 
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Here 


Linearization of Hy. The Taylor expansion at x = 0 for Hy gives 

Hy = A + 025 


where 

A = A (4.6) 

2 ^ dx^ dx^ ^ ’ 

and 

y'’(0"g|?nfK,o). 

It is clear that A is a global bivector held on E. Linearizing the Jacobi 
identity for Hy leads to [A, A] = 0. Moreover, A is independent of the choice 
of an exponential map. Thus, A is an intrinsic hber-tangent Poisson structure 
on E of the leaf B. The restriction of A to each hber E^ gives the Lie-Poisson 
structure called the linearized transverse Poisson structure of B |Wei| . This 
bundle of Lie-Poisson manifolds is locally trivial with typical hber g*, where 
g is the transverse Lie algebra of the leaf B. 

Linearization of P. Consider the connection P, 


r = (dx- + rfK,x)dp0 A 

By (4.4) we have 

Tn^,x) = ei{0x’^ + O{x^). 

Here the coefficients ^'^(O are dehned in terms of the Poisson bracket of H 
as follows 


C(0 = 


^rf(e,0) 

dx^ 


— a^p(0 


A. 

dx’' 




n 


a:=0 


Then, 

r“> = {dx- + 0 UOr'dt;‘) 0 -E (4.7) 

is an homogeneous Ehresmann connection on E, in the sense that the Lie 
derivative along the horizontal lift hor'"*^^' [u) preserves the space of hberwise 
linear functions on E. The linearization of (2.24) leads to 


L p(i) A = 0. 

nor [u) 


(4.8) 
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One can associate to the linear connection V on E determined by the 
matrix-valued connection form 6 = terms of V, condition 

(4.9) means that the bivector held A is V-covariantly constant, VA = 0. A 
linear connection satisfying this property is called a Lie-Poisson connection 
on {E,A). 

Linearization of E. In coordinates 

n*E=^E,^{^,x)dCAde. 

Taking into account (4.5), we get 




where 




A. 

dx° 


{e',e'}n 




x=0 


We dehne e 0^(5) ® C°^{E) by 


= -Ell\^,x)de A d^^ 


with 


F^P(Cx)'Su;,j(0-n.„(0x’’. 


It follows from (2.25) and (2.26) that 

grWpii) = 0 


and 

Curv*"^^^ (mi, M 2 ) = A'^dE'^^\ui,U2)- 
Now we can dehne the following bivector held 
n{i) drf ^ ^ 

= n tar, A hor, +iAf (Ox-A a ^ 

where (Fb))*^Fjj^ = <5* and 


horj 



d 

w 




d 

dx^' 


(4.9) 

(4.10) 

(4.11) 

(4.12) 

(4.13) 
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The bivector is well defined on the following neighborhood of B: 

7VW = {(e,a:)eE|det[4')(e,a;)]^0}. 

Taking into account (4.8), (4.11), and (4.12), by Proposition 2.4 we get 
the following fact. 

Proposition 4.1. Bivector field in (4.13) is the coupling Poisson tensor 
associated to the geometric data (A, Pd), F(i))^ 

nd) G (Eoups{E,A). 

In particular, {B,uj) is a symplectic leaf of ffd) and 

n = nd) + 02, 


that is, Ifd) is a first approximation to If at B. 

Let E* be the dual bundle of E called the co-normal bundle of the leaf B. 
Then, E* is a bundle of Lie algebras with typical fiber g. Using (4.10), one 
can introduce the vector-valued 2-form IZ G {B, Sect {E*)), locally given 
by 

^ A de ® e"(0. (4.14) 

Here {e^} is the basis of local sections of E* corresponding to the coordinates 
in (4.10). Let Curv^ G VP{B, End(i?*)) be the curvature form of the linear 
connection V, Curv^(Mi,M 2 ) = [V^^, Then, we have 


Curv^^^^(Mi,M2) = (Curv'^(Mi,M2)a:, ^). 


It follows from here that equality (4.12) can be rewritten in the form 


Curv^ = — ad * o 7?., 


(4.15) 


where ad* is the coadjoint operator on the fibers of E. Thus, the coupling 
Poisson tensor Hd) is determined by the data (A, V,7?.). 

Remark 4.2. One can define |Voi| the Poisson tensor Hdlstarting with the 
transitive Lie algebroid TfiE of the symplectic leaf |We 2 | . Then, Hd) is 
completely determined by the choice of a connection of the Lie algebroid 
[Knl IMzj . The 2-form TZ is just the curvature of this connection. 


40 




Varying the exponential map. Suppose we are given two exponential 
maps i : E ^ M and i : E ^ M. Consider the corresponding coupling 
Poisson tensors 11 = Pd' and H = Pd'. Then 11 = 0*n, where 0 = o 
f G 2)iff^(P). Indeed, by the dehnition of the exponential map, we have 
0 |b = ids and 

di4>\E^ = 

for every ^ E B. Recall that we have the decomposition (4.1). Using the 
dilation nit : E^ ^ E^ by the factor t G [0,1], mt{x) = t ■ x, one can 
dehne <ht = o 0 o m*. It follows that is a smooth family of 

diffeomorphisms with properties: $0 = id, $1 = 0 and $^1^ = id^- Then, 
is the flow of the time-dependent vector held Zt = ^ o vanishing at B. 
From here and Theorem 3.2 we get the following fact. 

Proposition 4.3. The vertical part fly of the coupling Poisson tensor If = 
f*\[' is independent of the choice of an exponential map f up to an isomor¬ 
phism in <Bnd%{E). 

Now consider the linearized Poisson structures ffd) and 11^) associated 
to the geometric data (A, Pd), pW) and (A, pd)^ Pd))^ respectively. Consider 
the decompositions 

TbM = TB ® C = TB ® C, 

where 

C = dB^{E) and C = dBi{E). 

Let / : TbM —> £ be the projection along TB. Pick a basis of (local) sections 
{^cr(0} of dl. Then, we have 

kMO) = 

where Ua{0 G T^B. Dehne G 12^(5) 0 C°°{E) by 

= -{iu^uj)x'". (4.16) 

Let be the exterior covariant derivative associated to Pd). 
Proposition 4.4. The linear connections Pd) and Pd) are related by 

horf''^'(n) = hor'"''^\n) + A^dQ^^\u), (4.17) 
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where is given by (4.16). The corresponding coupling 2-forms and 
satisfy 

A . (4.18) 

This implies that for G €oup^{E, A) we have that ~( 5 (i) 

and the relative Casimir cohomology class is trivial, 

[Cn(i)n(i)] ~ 0- 

Applying Theorem 3.4 leads to the following consequence. 

Corollary 4.5. The germs at B of the coupling Poisson structures and 
n(i) 

are isomorphic by a diffeomorphism in Diffg(i?). 

Thus, n(i) is independent of the choice of an exponential map up to 
isomorphism. We call the linearized Poisson structure of the original 
Poisson structure T at a given symplectic leaf 

Another important consequence of Proposition 4.4 is that the Poisson 
structure 4/ with a given symplectic leaf B inherits an intrinsic coboundary 
operator, 


do : n^{B) ® ^a5\mB{E) n^+\B) ® (4.19) 

where £asimB(ii^) is the space of germs at B of Casimir functions of A van¬ 
ishing on B. We can put (9o = but this dehnition is independent of the 
connection P*-^^ because of (4.17). 

4.2 Semilocal linearization problem 

The linearized Poisson structure of the symplectic leaf is a natural candidate 
for setting of the semilocal linearization problem. 

Definition 4.6. The Poisson structure T is said to be linearizable at the sym¬ 
plectic leaf {B,u) if there exists an exponential map i : E ^ M such that 
the germs at B of the pull-back Poisson structure fl = f*\h and the linearized 
Poisson structure Ifb) are isomorphic by a diffeomorphism in X)iff^(i7). Re¬ 
spectively, T is transversally linearizable at B if the germs of Ily and A are 
isomorphic by a diffeomorphism in 
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It follows from Proposition 4.3 and Corollary 4.5 that this dehnition is 
independent of the choice of the exponential map. Remark also that this 
dehnition agrees with the zero-dimensional case when dimR = 0. 

As a consequence of Theorem 3.2 we get the following result. 

Proposition 4.7. The linearizability implies the transversal linearizability. 

In fact, the linearizability of Ily at B is equivalent to the linearizability 
of the transverse Poisson structure of a point in B. This statement can 
be established in various ways (see, for example, [Brl). Our arguments are 
based on the local splitting theorem. Let g be the transverse Lie algebra of 
the symplectic leaf B. Recall that the bundle E of Lie-Poisson manifolds 
associated to the linearized transverse Poisson structure A is locally trivial 
with typical hber g*. In particular, the restriction A^ = A\e^ is isomorphic 
to the Lie-Poisson structure of g*. Consider also the restriction (Lly)^ of Ily 
to the hber E^. 

Proposition 4.8. Fix a point G B. Then the following assertions are 
equivalent 

(a) (ny)^o and A^o are isomorphic by a (local) diffeomorphism such 
that 

■0(0) = 0 and dot) = id; 

(b) the germs at B of Ily and A are isomorphic by a diffeomorphism in 

Proof. The hrst part (6) (a) is evident. To prove the implication (a) 

(6) we consider the following family of hber-tangent Poisson structures 

Tt = fm*ny 


with To = A and Ti = Ily. It suffices to show that there exists a time- 
dependent vector held Yt vanishing at B and satisfying the equation 

(9T 

LYjt + ^ = 0. (4.20) 

First, let us solve Eq. (4.20) locally. By Proposition 3.3, in a neighborhood 
of each point ^ B in E there exists a coordinate system (^®, x'^) such that 


Tt 



d 

dx^ 


d 

^ dxh' 
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Then, by condition (a) one can choose a local solution of (4.20) in the form 
Yt = Yt{x)-^. Finally, using a partition of unity on B, we can splice together 
local solutions to a global one. □ 


Flat linearized transverse Poisson structures. We say that A is 
flat if there exists a flat Lie-Poisson connection on {E,A), Curv^ = 
0. Locally, A is flat because of the local triviality property. Given a flat 
connection one can dehne the following coupling Poisson tensor 


nflat _ ^ ^ 


^ 2 ^ dx- 


A 


d 

dxi^' 


(4.21) 


Here are a coordinate system on E such that the coordinates x'^ 

along the hbers correspond to a V®®'*-parallel basis {co-} of sections of E, 
yflatg^ = 0. Moreover, A“^ = const are the structure constants relative to 
the dual basis {e”"}. The coupling form of H®®'* is given by E^^'^ = a; G) 1. 
The horizontal part Hff* is the lifting of the nondegenerate Poisson structure 
on the leaf B via the connection 


Proposition 4.9. Let H^^^ be a linearized Poisson tensor assoeiated with 
data (A, V,F). Assume that the following conditions hold: 

(a) A is flat] 

(b) the center and the first cohomology group of g are trivial, 


Z{q) = {0}, (4.22) 

^'( 0 , 0 ) = {0}. (4.23) 

Then, H^^^ and H®*^* are isomorphic by a diffeomorphism in S)iff^(F). If, in 
addition to the conditions (a), and (b), the holonomy group of the connection 
yflat trivial, then the normal bundle E is trivial and H^^^ is eguivalent to 
the direct product Poisson structure on E = B x g*. 

The proof of this statement is based on Theorem 3.4 and the observation 
that conditions (4.23), (4.23) imply properties (4.17), (4.18) for the connec¬ 
tions V and (for more details, see IV 04 I ). 

Remark that (4.22), (4.23) hold automatically in the case when g is 
semisimple. Some examples, where A is not flat, can be found in HEY]. 
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4.3 Main results 

Suppose we start with a Poisson manifold (M, \I/) and an embedded symplec¬ 
tio leaf {B, uj). Let (g, A, do) be the intrinsic data of the leaf consisting of the 
transverse Lie algebra g, linearized transverse Poisson structure A, and the 
coboundary operator do in (4.19). 

Assume that g is semisimple of compact type. Fix an exponential map f. 
Consider the pull-back Poisson structure If = 1*4/ G £oup 5 (i?, Lly) and 
the corresponding linearized Poisson structure Ll^^) G £oup 5 (i?,A). Let 
(nv/,r,F) and (A, P*^^\ be the corresponding geometric data. 

By the local linearization theorem due to IC 02 I and Proposition 4.8 we 
deduce the following fact. 

Proposition 4.10. 4/ is transversally linearizable at B, that is, there exits 
a diffeomorphism such that g G €np 5 (F) 

g*Uv = A, (4.24) 

Pick g in (4.24) and consider ^f*!! G Coup 5 (F,A) associated with 
{A, g*r, g*F). By assumption, the typical hber of (F,A) is the Lie-Poisson 
structure of the dual g* of the semisimple Lie algebra of compact type. Recall 
that, according to IC 02 I , in each closed ball of 0 in g* there exist a homotopy 
operators in (3.30) and hence conditions (2.92), (3.29) hold. Thus, there 
exists Q G 12^(5) such that 

hor®*'"(M) = hor'"^^'(M) -|- A^dQ{u). (4.25) 

Now, one can dehne the Casimir 2-cocycle C G Vt^{B) ® (LasimB(F) by 

C g*F - + (^aoQ + \{Q A Q}a^ . (4.26) 

Proposition 4.11. The do-cohomology class [C] of the Casimir 2-cocycle 
C (4.26) is independent of the choice of g in (4.24), Q in (4.25) and an 
exponential map f. Moreover, 

7T*C = Cij{f,x)dC A df^, 

where the coefficients Cij have zero of the second order at x = t), 

a, = 0{x^). 
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Proof. The independence of [C] of the choice of g follows straightforwardly 
from Proposition 2.24. Now, let fl = f*^ and IT = f*\h be coupling Poisson 
tensors corresponding to exponential maps f and f, respectively. Without of 
loss of generality, by Propositions 4.3 and 4.10, one can assume that fly = 
fly = A. Since 0*n = fl, for 0 = o f g Theorem 3.11 implies 

that = 0. Moreover, [Cp(i)jj(i)] = 0. Using property (2.91), we get 

[^nftci)] ~ [^nn(i)] ~ [^nn(i)]- ^ 

We shall call [C] the do-cohomology class of the leaf B. 

Using the 2-cocycle C, we define the deformed coupling form C E 

VP{B) Consider the coupling Poisson tensor G Coup 5 (U, A) asso¬ 

ciated to the geometric data (A, pC), -p C). 

By Theorem 3.8, Proposition 3.9, and Proposition 4.10, we deduce the 
normal form theorem. 

Theorem 4.12. The Poisson tensors fl and fl^^ are isomorphic by a dif- 
feomorphism 0 G S}iff^(F), 

0*n = n[!f (4.27) 

It is clear that the germ of the original Poisson structure T at i? C M is 
also isomorphic to 

Remark 4.13. A similar result to Theorem 4.12 was formulated in |Brj with¬ 
out specifying the coupling form. 

Now applying Theorem 3.11, we get the semilocal linearizability theo¬ 
rem which can be considered as a generalization of the local linearization 
theorem IC 02 I . 

Theorem 4.14. The Poisson structure T is linearizable at B if and only if 
the do-cohomology class of the leaf B is zero, 

[C] = 0. (4.28) 

Corollary 4.15. If the second do-cohomology space is trivial, then every 
Poisson structure in Coup 5 (F,A) is linearizable. 

Corollary 4.16. Let fl' G Coup^(F,A) be a linearizable coupling Poisson 
tensor associated with geometric data (A, P', F'). Let C' Efl^{B)<^ftasixnB{F) 
be a do-cocycle. Consider the deformed coupling Poisson tensor n'_^, asso¬ 
ciated to the data (A, P', F' — C). If [C] 7 ^ 0, then n'_^, is nonlinearizable. 
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It is of interest to give a geometric interpretation of the triviality of the 
second c?o-cohomology space. 

Remark 4.17. In a linearization conjecture due to (DiEl, an integrability 
property of the transitive Lie algebroid T^E appears as a sufficient condition 
for the linearizability in the case when B is compact. 

As a consequence of Proposition 4.9 and Theorem 4.14 we get the follow¬ 
ing semilocal analog of the local splitting theorem. 

Theorem 4.18. Assume that the linearized transverse Poisson structure A 
is globally trivial, that is, A admits a flat Lie-Poisson connection with trivial 
holonomy. If (4.28) holds, then, the germ o/ 4/ at B is isomorphic to the 
direct product Poisson structure on E = B x g*. 


Remark 4.19. Some versions of the semilocal splitting theorem and corre¬ 
sponding counterexamples can also be found in |Fei| . 


The natural question is to give some examples where condition (4.28) 
does not hold and hence the Poisson structure is nonlinearizable. First such 
examples of nonlinearizable Poisson structures at a symplectic leaf of nonzero 
dimension were given in jPWj . These structures are constructed by using 
a special class of Poisson structures called Casimir-weighted products. We 
illustrate our results with the following example. 


Example 4.20. Let B be an orientable 2-surface with symplectic form 


oj = ds A dr. 


Consider the direct product E = B x as a. vector bundle over B, where 
71 is the canonical projection on the hrst factor. Let x = {xi,X 2 ,xfl) be the 
Euclidean coordinates on R^. Suppose we are given a vector-valued 1-form 
Q on B\ 

Q = 

where E R^. Fix c > 0. Then, one can associate to the pair (g,c) 

the Poisson tensor 11 on E which is dehned by the following bracket relations: 






{Xa,X0} 


1 

F(x)’ 


{r,Xa} = 


eQ,0.yX.y eao'7^/3o-'7'^ 2(7' 


E{x) 

- 2?2^^^]x^xy. 


(4.29) 

(4.30) 

(4.31) 
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Here is the completely antisymmetric Levi-Civita tensor, 


and 

If 


F{x) = 1 — (x, a) + c||x| 


a = X . 


< 4c, 


then the brackets (4.29)-(4.30) are well dehned on the entire space E. It 
is clear that {B,uj) is the symplectic leaf of this bracket. Using formulas 
(2.28)-(2.30), we compute the corresponding geometric data: 


1 d d 

nv - A 

(4.32) 

r = dx — X X 

(4.33) 

'k*F = F{x)ds A dr. 

(4.34) 

The curvature form of T is 


Curv^ = (x X a, -^) ® ds A dr. 

' ox' 


The geometric data of the linearized Poisson structure Hb) 

are given by 

A = Hy, 

(4.35) 

pd) = Y, 

(4.36) 

7 r*F(h = F^^\x)ds A dr. 

(4.37) 

where 


F^^\x) = 1 — (x, a). 

(4.38) 


One can recognize formula (4.32) as the Lie-Poisson structure of the dual 
so*(3) of the Lie algebra so(3). Thus, the transverse Lie algebra of B is 
so(3). It is clear that A is globally trivial. Remark that if a = 0, then H is 
the Casimir-weighted product [DWj . Now, comparing formulas (4.34) and 
(4.37), we compute the Casimir 2-cocycle O', 


Tr*C = c||x|p(is A dr. 


(4.39) 
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The space of the Casimir functions of so* (3) is naturally identihed with 
C°°([0, cx))). Under this identification, the coboundary operator is do = 
ds ® 1, where is the exterior differential on B. We conclude that if 
B is compact, for example, i? is a sphere or a torus, then [a;] 7 ^ 0 and hence 
[C] 7 ^ 0. By Theorem 4.14, in this case, the Poisson structure If is nonlin- 
earizable. On the other hand, if vr 2 (i?) = 0, for example, 5 = x M is the 
2-cyhnder, then [O] = 0. In this case, 11 is linearizable and equivalent to the 
direct product Poisson structure on i? x so* (3). 
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